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Abstract
In this article, we determine the explicit toric variety structure of HilbA1(n)(Cn) for n = 4, 5,
where A1(n) is the special diagonal group of all order 2 elements. Through the toric data of
HilbA1(n)(Cn), we obtain certain toric crepant resolutions of Cn/A1(n), and the different crepant
resolutions are connected by flops of n-folds for n = 4, 5.
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1 Introduction
This article is intended to discuss the construction of flops of high-dimensional manifolds through the
geometry of orbifolds. By an orbifold, we mean an algebraic (or analytic) variety with at most quotient
singularities. This geometrical object was introduced in the 1950s by I. Satake, which he called a
V-manifold, on his course of study of the Siegel’s modular forms [22]. Special emphasis in this paper
will be on the resolutions of orbifolds with the Gorenstein quotient singularities, i.e., the local structure
around a singular point is given by
Cn/G , G : a (nontrivial) subgroup of SLn(C) , n ≥ 2 . (1)
In the mid-80s, string theorists studied a special type of physical model where strings propagate on an
orbifold M/G where M is a manifold quotiented by a finite group G. The required string vacuum is
described by the following orbifold Euler characteristic [5]:
χ(M,G) =
1
|G|
∑
g,h∈G, gh=hg
χ(Mg,h)
where Mg,h is the simultaneous fixed-point set of g, h. An equivalent expression of the above formula
is given by
χ(M,G) =
∑
[g]
χ(Mg/C(g)),
where [g] is the conjugacy class of g with the centralizer C(g). In the local situation (1), one obtains
χ(Cn, G) = |Irr(G)| , Irr(G) := {irruducible representations of G} .
For the consistency of physical theory, the Gorenstein orbifold Cn/G demands a resolution Ĉn/G with
the trivial canonical bundle and the Euler number χ(Ĉn/G) = χ(Cn, G). For n = 2, all finite subgroups
G of SL2(C) were classified into A-D-E series by F. Klein, where the orbifolds C
2/G are always of the
hypersurface singularity. The minimal resolution of C2/G in the surface theory provides the required
crepant resolution Ĉ2/G [6]. For n = 3, the desired crepant resolution Ĉ3/G was found for all G in the
mid-nineties [7, 13, 20, 21] through some quantitative, but constructive, methods, heavily depending
on the classical Miller-Blichfelt-Dickson classification of finite subgroups of SL3(C) [14], and the Klein’s
invariant theory of the simple groups I60 (Icosahedral group) and H168 (the simple group of order 168)
[20]. The non-uniqueness of such crepant resolution is expected due to the flop-relation in 3-folds, but
all with the required Euler number. Thereafter, the qualitative understanding and a possible canonical
one of these crepant resolutions naturally arise as problems in algebraic geometry. For this purpose,
the development has resulted in the concept of Hilbert scheme of G-orbits (or G-Hilbert scheme),
HilbG(Cn), associated to Cn/G, which was proposed in [9] by engaging the finite-group representation
theory into geometrical problems of orbifolds. The structure of G-Hilbert scheme has now provided a
positive answer for the problem addressed to the crepant resolution with the orbifold Euler number for
the dimension n = 2, 3 [2, 8, 16].
For n ≥ 4, very few results have been known on the crepant resolution problem of Cn/G, and the
structure of HilbG(Cn), partly due to the lack of common conclusion for all G, as Cn/G has no crepant
resolution at all for a large class of groups G, even in the abelian group case. A suitable class of groups
G, which could be of interest to study, are those with Gorenstein orbifold Cn/G of the hypersurface type,
and one can regard it as one way to the high-dimensional generalization of Klein surface singularities.
For the abelian group case, the group G is given by
Ar(n) := {g ∈ SLn(C)|g
r+1 = 1, g is diagonal} , r ≥ 1 .
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In [3], we have studied the cases Ar(4) for all r, and obtained the crepant resolutions ̂C4/Ar(4) through
the detailed structure of HilbAr(4)(C4). While in this work, we shall discuss the cases A1(n) for n = 4, 5,
in order to explore the flop-relation of n-folds. It is known that there do exist some crepant resolutions
of Cn/A1(n) for all n in [20], where the result was obtained by blowing-up techniques through the
hypersurface equation of Cn/A1(n). But in this paper, we shall construct another type of crepant
resolutions of Cn/A1(n), which are toric varieties, through the toric structure of Hilb
A1(n)(Cn). One of
the main goals of this approach is to identify the proper “flop” concept of n-folds for n = 4, 5. This
method is consistent with the flops of 3-folds, considered as crepant resolutions of the 3-dimensional
isolated singularity with the equation, XY = ZW , a construction known since the seventies in the
study of degeneration of K3 surfaces [17]. However, for n = 4, 5, the singularities, which possess
crepant resolutions with the flop relation discovered in this article, has a complicated expression of
algebraic equations (see formula (5), (6) of the paper). In particular, it is not of the type of complete
intersection.
This paper is organized as follows: In §2, we give a brief survey on the construction of crepant
resolution Ĉn/G for n = 2, 3. In §3, we review some basic facts in G-Hilbert schemes and toric
geometry for later discussions. In §4, we derive the toric variety structure of HilbA1(4)(C4), which is
smooth but not crepant. By blowing down the canonical divisor (P1)3 of HilbA1(4)(C4) to (P1)2 in
different factors, we obtain three toric crepant resolutions of C4/A1(4). By this process, the flop of
4-folds is naturally revealed between these three crepant resolutions. In §5, we derive the toric variety
structure of HilbA1(5)(C5), which is singular and non-crepant. By analyzing the toric structure of
HilbA1(5)(C5), we construct twelve crepant resolutions of C5/A1(5), all dominated by Hilb
A1(5)(C5).
The connection between these crepant resolutions gives rise to the “flop” relation of 5-folds.
2 Kleinian Singularities and Crepant Resolutions of Gorenstein Three-
Dimensional Orbifolds
For a finite non-trivial subgroup G of SL2(C), C
2/G is a surface with an isolated singularity at the
origin. These singularities were classified by Klein in 1872 ( or so ) in his work on the invariant theory
of regular solids in R3, and they are described in the following table:
Type Group G |G| degree of invariants relation of invariants
Ar Abelian r + 1 2, r + 1, r + 1 X
r+1 + Y Z
Dr Binary dihedral 4(r − 2) 4, 2(r − 2), 2(r − 1) X
r−1 +XY 2 + Z2
E6 Binary tetrahedral 24 6, 8, 12 X
3 + Y 4 + Z2
E7 Binary octahedral 48 8, 12, 18 X
3Y + Y 3 + Z2
E8 Binary icosahedral 120 12, 20, 30 X
5 + Y 3 + Z2
For A-type group G, it is a cyclic subgroup of SL2(C) generated by the diagonal element with the
entries e
2pii
r+1 , e
2piir
r+1 . By the continued fraction,
r + 1
r
= 2−
1
2− 1
. . .
,
the minimal resolution Ĉ2/G has the exceptional set consisting of a tree of r-rational curves with self-
intersections −2, which implies the trivial canonical bundle of Ĉ2/G with the Euler number r+1. For
other groups G in SL2(C), the minus identity map always belongs to the center of G. One can construct
the minimal resolution by first blowing up C2 at the origin, then analyzing the fixed-points of G on
this blowing-up space, and then reducing to cyclic quotient singularities. The following remarkable
characterization for Kleinian singularities by Brieskorn is known:
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Theorem 2.1 [1] For an isolated normal surface singularity, the following are equivalent: (1) it is
Kleinian , (2) it is rational with multiplicity 2, (3) it is rational with embedding dimension 3, and
(4) the minimal resolution has the exceptional set by a configuration of rational (-2)-curves with an
intersection matrix minus that of the Partan matrix of the root system of type Ar,Dr, E6, E7 or E8.
The correspondence between (1) and (4) is indicated in the above table.
On the other hand, J. McKay observed an interesting connection between the representation theory of
Kleinian groups and the affine Dynkin diagrams of the A-D-E root system. Denote c : G −→ GL2(C)
the ‘canonical’ representation of G. For ρ, ρ′ ∈ Irr(G), let m(ρ, ρ′) be the multiplicity of ρ′ in the
representation ρ⊗ c:
ρ⊗ c =
∑
ρ′∈Irr(G)
m(ρ, ρ′)ρ′ .
By the self-dual property of c, m(ρ, ρ′) = m(ρ′, ρ) for all ρ, ρ′. One forms a diagram Γ˜(G) with elements
in Irr(G) as vertices, and two vertices ρ, ρ′ connected by m(ρ, ρ′) edges. Then, one has the following
result:
Theorem 2.2 [15] Γ˜(G) is isomorphic to the affine Dynkin diagram of the corresponding root system.
By a suitably chosen isomorphism between Γ˜(G) and the affine Dynkin diagram, the trivial representa-
tion of G corresponds to the negative longest root of the affine diagram. So, the diagram Γ(G) obtained
by deleting the trivial representation is isomorphic to the ordinary Dynkin diagram of its corresponding
system. With the results in Theorems 2.1 and 2.2, the rational (-2)-curves in resolution configuration
implies the trivial canonical bundle of Ĉ2/G, and the Euler number equality follows from McKay’s
correspondence [6].
For n = 3, all finite subgroups G of SL3(C) were classified by Miller et al. in 1916 [14]. The list
consists of 12 types of such groups, among which two well-known simple groups, I60 and H168 appear.
For the problem of the crepant resolutions of Ĉ3/G, due to the long list of the Miller-Blichfelt-Dickson
classification, it is still hard to study the problem by the method of case by case approach. Hence,
certain induction procedures are introduced, as the one of blowing up at the origin in the 2-dimensional
case, to enable us to work only on a few cases, consisting of abelian groups, certain solvable groups
and simple groups I60,H168 [20]. For abelian groups, the toric geometry [10] provides the effective
computational methods to obtain the solutions [12, 18, 19]. Using these techniques, one can work on
an explicitly given solvable subgroup of SL3(C) and obtain the crepant resolutions by using a certain
‘canonical’ procedure, regardless the resulting structure of the resolution might be complicated. For
the simple groups I60,H168 in SL3(C), one needs some different techniques, using the invariant theory
of their 3-dimensional representations in Klein’s work [11]:
G degree of invariants relation of invariants
I60 2, 6, 10, 15 −144W
2 + Z3 − 1728Y 5 + 720XY 3Z
−80X2Y Z2 + 64X3(5Y 2 −XZ)2
H168 4, 6, 14, 21 −W
2 + Z3 + 1728Y 7 + 1008XY 4Z
−88X2Y Z2 − 60032X3Y 5 + 1088X4Y 2Z
+22016X6Y 3 − 256X7Z − 2048X9Y
Note that the relation of invariants in the above table define a hypersurface of C3/G in C4. One can
obtains the required crepant resolution by making full use of the relations of invariants of these simple
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groups G [13, 20]. With all these efforts, one arrives at a solution of the crepant resolutions Ĉ3/G
for a finite subgroup G of SL3(C) [21]. However, all of those works were carried out using an explicit
(somewhat unpleasant) computational method, which is cumbersome and not very illuminating. An
approach of a qualitative nature to the crepant resolution Ĉ3/G is provided by the method of G-Hilbert
scheme, which will be briefly described in the next section.
3 G-Hilbert scheme, Abelian Orbifolds and Toric Geometry
From now on for the rest of this paper, {e1, .., en} will always denote the standard basis of Cn, {Z1, .., Zn}
the corresponding dual basis, and C[Z] := C[Z1, .., Zn] the polynomial ring of Zi’s.
For a finite subgroup G of GLn(C), we denote SG = C
n/G with the canonical projection πG : C
n →
SG, and o = πG(~0). In this article, a variety X is said to be birational over SG if there exists a proper
birational epimorphism σX : X → SG. In this case, we have the commutative diagram:
X ×SG C
n −→ Cn
↓ π ↓ πG
X
σX−→ SG .
Denote FX
(
= π∗OX×SGCn
)
the coherent OX-sheaf over X obtained by the push-forward of the struc-
ture sheaf of X ×SG C
n. The geometrical fiber of FX over an element y of X is given by FX,y =
k(y)
⊗
OX FX , which is isomorphic to C[Z]/I(y) for some G-invariant ideal I(y) in C[Z]. The G-
Hilbert scheme HilbG(Cn) with the birational morphism, σHilb : Hilb
G(Cn) −→ SG, is the minimal
object in the category of varieties X birational over SG such that FX is a vector bundle over X [9]
(or see [3] and references therein). Furthermore, for each X in the category, there exists a unique
epimorphism λX from X to Hilb
G(Cn). Indeed, λX(y) is represented by the ideal I(y). In the case
when Cn/G in (1), for n = 2, HilbG(C2) is the minimal resolution of C2/G, and for n = 3, HilbG(C3)
is a toric crepant resolution of C3/G for an abelian group G [8, 16]. For a general finite subgroup G of
SL3(C), Hilb
G(C3) is indeed a crepant resolution Ĉ3/G has been justified in [2] by methods in homo-
logical algebra, an argument bypassing the geometry of G-Hilbert scheme (of which explicit structures
are important on its own from the aspect of applications to certain relevant physical problems).
When G is an abelian group, one can apply toric geometry to study problems on resolutions of SG.
We now give a brief review of some facts in toric geometry for later use in this article (for the details,
see [10]). For the rest of this paper, we shall always assume G to be a finite abelian group in SLn(C),
and identify G as a subgroup of the diagonal group T0 := C
∗n ⊂ GLn(C). Regarding Cn as the partial
compactification of T0, we define the n-torus T with the embedding in the T -space SG by
T := T0/G , T ⊂ SG .
Denote N = Hom(C∗, T ) (resp. N0 = Hom(C∗, T0)) the lattice of one-parameter subgroups of T (resp.
T0), M (resp. M0) the dual lattice of N (resp. N0). We have N ⊃ N0 and M ⊂M0. Through the map
exp : Rn −→ T0, exp(
∑
i xie
i) :=
∑
i e
2pi
√−1xiei, one can identify N0 and N with the following lattices
in Rn,
N0 = Z
n(= exp−1(1)) , N = exp−1(G) .
In this way, M0 can be identified with the monomial group of variables Z1, .., Zn, and M corresponds
to the subgroup of G-invariant monomials in M0.
By [10], a T -space birational over SG is described by a fan Σ = {σl | l ∈ I} with C0 :=
∑
i R≥0e
i
as its support, i.e., a rational polyhedral cone decomposition of C0. In this situation, an equivalent
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description is given by the polytope decomposition Λ = {∆l | l ∈ I} of the simplex
∆ := {
∑
i
xie
i ∈ C0|
∑
i
xi = 1},
where ∆l := σl
⋂
∆ with the vertices of ∆l in ∆ ∩ Q
n. For σl = {0}, we have ∆l = ∅. We shall call Λ
a rational polytope decomposition of ∆, and denote XΛ the toric variety corresponding to Λ.
For a rational polytope decomposition Λ of ∆, we define Λ(i) := {∆l ∈ Λ | dim(∆l) = i} for
−1 ≤ i ≤ n− 1, (here dim(∅) := −1). Then, for each ∆l ∈ Λ(i), there associates a T -orbit of dimension
n− 1− i, denoted by orb(∆l). For ∆l ∈ Λ(n− 1), i.e., ∆l is an (n− 1)-dimensional polytope, orb(∆l)
consists of only one point, which will be denoted by x∆l . For a vertex v ∈ Λ(0), the closure of orb(v)
represents a toric divisor, which will be denoted by Dv . The canonical sheaf of XΛ is given by the
following expression of toric divisors,
ωXΛ = OXΛ(
∑
v∈Λ(0)
(mv − 1)Dv) , (2)
where mv is the smallest positive integer with mvv ∈ N , i.e., a primitive element of N .
A polytope decomposition Λ of ∆ is called integral if all vertices of Λ are in N . By (2), the trivial
canonical sheaf is described by the integral condition of Λ. The non-singular criterion of XΛ is given
by the simplicial decomposition of Λ with the multiplicity-one property. For a polytope R ∈ Λ(i), we
denote
XR = spec(C[M ∩ σˇR])
where σˇR is the dual of the cone σR := {rv|r ≥ 0, v ∈ R}. Then, {XR}R∈Λ(n−1) forms an open cover
of XΛ.
Now we consider the case G = A1(n). We shall always denote the following elements in M(=M
G
0 ):
Ti = Z
2
i , Ui =
Zi
(Z1..Zˆj ..Zn)
, Vij =
ZiZj∏
α6=i,j; 1≤α≤n Zα
. (3)
The set of N -integral elements in ∆ is given by
∆ ∩N = {ei|1 ≤ i ≤ n} ∪ {vij |1 ≤ i < j ≤ n}, vij :=
1
2
(ei + ej).
Other than the simplex ∆ itself, there is only one integral polytope decomposition of ∆, denoted by
Ξ, which is invariant under all permutations of the coordinates (i.e., τ : ei 7→ eτ(i) for τ ∈ Sn, the
symmetric group of degree n). Then, Ξ(n− 1) consists of the following n+ 1 polytopes:
♦ := 〈vik|1 ≤ i < k ≤ n〉, ∆j := 〈e
j , vij |i 6= j〉 (j = 1, .., n). (4)
The toric variety XΞ is smooth on the affine space centered at x∆j with the local coordinate Uj, Ti
(i 6= j). Therefore, the singular set of XΞ lies in the affine open set X♦ centered at x♦. The structure
near x♦ is determined by σˇ♦ ∩M , which is generated by Ti, U
−1
i . For n = 3, U
−1
1 , U
−1
2 , U
−1
3 form
an integral basis for M , which implies the smoothness of XΞ. For n ≥ 4, XΞ is singular at x♦, and Ti,
U−1i , 1 ≤ i ≤ n, form the minimal generating set of σˇ♦ ∩M . For n = 4, the singular structure of XΞ
near x♦ is described by the 4-dimensional affine variety in C
8 with the equations:
tiui = tjuj , titj = ui′uj′ , (ti, ui)1≤i≤4 ∈ C8 (5)
where i 6= j and {i′, j′} is the complementary pair of {i, j}. For n = 5, the singular structure of XΞ
near x♦ is defined by the following relations:
tiui = tjuj , uiuj = tktltm , (ti, ui)1≤i≤5 ∈ C10 (6)
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where 1 ≤ i < j ≤ 5, and {k, l,m} is the complement of {i, j}.
For later use, we recall some terminology of the Gro¨bner basis [4]. Let ≺L be a lexicographic order
on C[Z] and w ∈ Zn≥0. The weight order ≺ determined by the weight w is the monomial ordering on
C[Z] with the following properties:
(1) If (u1 − u2) ·w < 0, then Z
u1 ≺ Zu2 .
(2) If (u1 − u2) ·w = 0 and Z
u1 ≺L Z
u2 , then Zu1 ≺ Zu2 .
For a monomial ideal I ⊂ C[Z], we shall denote I⊥ the set of monic monomials outside I. For a
monomial ordering ≺ and an ideal J , lt≺(J) will denote the ideal generated by the leading terms (with
respect to ≺) of all elements in J .
4 HilbA1(4)(C4) and Crepant Resolutions of C4/A1(4)
In this section, we consider the case n = 4. Throughout this section, the indices j, k, l,m will always
denote a permutation of (1, 2, 3, 4). For n = 4, the polytope ♦ in (4) is a regular 3-dimensional
octahedron contained in the standard simplex ∆ in R4, with a cube as its dual polygon. We label the
facets of the octahedron ♦ by Fj , F
′
j where
Fj = ♦ ∩△j , F
′
j = {
4∑
i=1
xie
i ∈ ♦ | xj = 0} .
Then, the dual of Fj , F
′
j are vertices of the cube, denoted by αj , α
′
j (see [Fig. 1]).
4F’
2F
1F
1F’
3 4F’ F
’
’
’
’
α
α
α
α
α
α
α α
4
3
12
1
2
4 3
[Fig. 1] Dual pair of octahedron and cube: faces Fj , F
′
j of octahedron
are dual to vertices αj , α
′
j of cube.
e
v
24
23
v
12
v
4
3e
e1
c
34
e2
v
v
14
[Fig. 2] The rational simplicial decomposition Ξ∗ of ∆ for n = 4.
Consider the rational simplicial decomposition Ξ∗ of ∆ obtained by Ξ and adding the center c :=
1
4
∑4
j=1 e
j as a vertex of Ξ∗ with the barycentric decomposition of ♦ in Ξ, (see [Fig. 2]). Then, Ξ∗(3)
consists of the polytopes ∆j, Cj and C
′
j for j = 1, .., 4, where
Cj := 〈c, v
jk, vjl, vjm〉, C ′j := 〈c, v
kl, vlm, vmk〉.
Note that c 6∈ N and 2c ∈ N .
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Theorem 4.1 For G = A1(4), we have Hilb
G(Cn) ≃ XΞ∗ , which is non-singular with the canonical
bundle ω = OXΞ∗ (E), where E is an irreducible divisor isomorphic to the triple product of P
1, E =(
P1
)3
. Furthermore, for {j, k, l} = {1, 2, 3} and the (k, l)-th factor projection, pj : E −→
(
P1
)2
, the
restriction of normal bundle of E on each fiber (≃ P1) of pj is the (−1)-hyperplane bundle of P
1.
Proof: The smoothness of the affine spacesXR,R = ∆j, Cj , C ′j , follows from the integral and multiplicity-
one properties of σR with respect to N . With (3) for n = 4, we have Vjk = (ZjZk)/(ZlZm), Uj =
Zj/(ZkZlZm). By using the inverse matrices of
(
ej , vjk, vjl, vjm
)
,
(
2c, vjk, vjl, vjm
)
and
(
2c, vkl, vlm, vmk
)
,
one obtains the generators of σˇR ∩M for R = ∆j, Cj , and C ′j as follows:
∆j : Uj , Tk, Tl, Tm;
Cj : U
−1
j , Vjk, Vjl, Vjm;
C ′j : Tj, Vlm, Vkm, Vkl .
We shall express the coordinates of an element y ∈ XR ≃ C4 as follows:
(Uj , Tk, Tl, Tm) = (uj , tk, tl, tm), R = ∆j ,
(U−1j , Vjk, Vjl, Vjm) = (uj , vjk, vjl, vjm), R = Cj,
(Tj , Vlm, Vkm, Vkl) = (tj , vlm, vkm, vkl), R = C
′
j,
(7)
and the corresponding ideal I(y) is given by
〈Zj − ujZkZlZm, Z
2
k − tk, Z
2
l − tl, Z
2
m − tm〉, R = ∆j ;
〈ZkZlZm − ujZj, ZjZk − vjkZlZm, ZjZl − vjlZkZm,
ZjZm − vjmZkZl, Z
2
j − tj, Z
2
k − tk, Z
2
l − tl, Z
2
m − tm 〉,
(tj = ujvjkvjlvjm, tα = ujvjα, (α 6= j)) ,
 R = Cj;
〈ZlZm − vlmZjZk, ZkZm − vkmZjZl,
ZkZl − vklZjZm, Z
2
j − tj, Z
2
k − tk, Z
2
l − tl, Z
2
m − tm〉,
(tk = tjvkmvkl, tl = tjvlmvkl, tm = tjvkmvlm),
 R = C ′j.
(8)
In each case, one can show that the generators in the expression of (8) form the reduced Gro¨bner
basis of I(y), and lt≺(I(y)) = I(xR) for a weight order ≺ with the weight in Interior(σR). For R = ∆j ,
we have I(x∆j ) = 〈Zj , Z
2
k , Z
2
l , Z
2
m〉, and
I(x∆j )
⊥ = {1, Zk, Zl, Zm, ZlZm, ZkZm, ZkZl, ZkZlZm}
gives rise to a G-regular monomial basis for C[Z]/I(y). Similarly, for R = Cj , C
′
j, we have I(xCj ) =
〈ZkZlZm, ZjZk, ZjZl, ZjZm, Z
2
1 , Z
2
2 , Z
2
3 , Z
2
4 〉 and
I(xC′j ) = 〈ZlZm, ZkZm, ZkZl, Z
2
1 , Z
2
2 , Z
2
3 , Z
2
4 〉 with
I(xCj )
⊥ = {1, Z1, Z2, Z3, Z4, ZlZm, ZkZm, ZkZl},
I(xC′j )
⊥ = {1, Z1, Z2, Z3, Z4, ZjZk, ZjZl, ZjZm},
which give rise to corresponding G-regular monomial basis of C[Z]/I(y). Since XΞ∗ is birational over
SG, with the vector bundle FXΞ∗ , we have an epimorphism
λ : XΞ∗ → Hilb
A1(4)(C4)
with I(λ(y)) = I(y) for y ∈ XΞ∗ . We are going to show the injectivity of λ. For each R ∈ Ξ
∗(3), the
coordinates of an element inXR can be represented in the form (pi/qi = γi)4i=1 for some monomials pi, qi
described in (7). Let y, y′ be two points in XR with the coordinates (pi/qi = γi)4i=1 and (pi/qi = γ
′
i)
4
i=1
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respectively. By (7), (8), we have pi − γiqi ∈ I(y) (resp. pi − γ
′
iqi ∈ I(y
′)) with qi ∈ I(xR)⊥ for each
i. When I(y′) = I(y), we have (γ′i − γi)qi ∈ I(y). By qi ∈ I(xR)
⊥, one has γ′i = γi for all i, which
implies y = y′. Hence, λ in injective on each XR. Furthermore, the ideal I(y) for y ∈ XR is completely
determined by its toric coordinates, which appear as some generating elements of I(y) in (8). By the
construction of toric variety, one can conclude that if y ∈ XR and y′ ∈ XR′ with I(y) = I(y′), the toric
coordinates of y for XR and y′ for XR′ are related by the transition function of these affine charts,
hence y = y′. For example, for y ∈ XC′4 and y
′ ∈ XC1 , the affine coordinate of y ∈ XC′4 is given by
(ξ1, ξ2, ξ3, ξ4) :=
(
Z24 ,
Z2Z3
Z1Z4
,
Z1Z3
Z2Z4
,
Z1Z2
Z3Z4
)
and y′ ∈ XC1 is
(η1, η2, η3, η4) :=
(
Z2Z3Z4
Z1
,
Z1Z4
Z2Z3
,
Z1Z3
Z2Z4
,
Z1Z2
Z3Z4
)
.
By the expression of ξ’s and η’s in terms of Zi’s, we obtain the transition function on XC′4 ∩XC1 :
(ξ1, ξ2, ξ3, ξ4) = (η1η2, η
−1
2 , η3, η4). (9)
Therefore, λ defines an isomorphism between XΞ∗ and Hilb
G(C4).
By (2), the canonical bundle of XΞ∗ is given by ωXΞ∗ = OXΞ∗ (E) with E = Dc. As the star of c
in Ξ∗ is given by the octahedron in [Fig. 1], we have E ≃ (P1)3. One can apply the toric technique to
determine the (−1)-hyperplane structure of fiber P1 of the (k, l)-th factor projection, pj : E → (P
1)2 for
the normal bundle of E. For example, in the case of the projection of E onto (P1)2 corresponding to the
2-convex set 〈v12, v13, v34, v24〉, the relation (9) between the local coordinates of XC1 and XC′4 implies
that the restriction of the normal bundle of E on each fiber P1 over (3, 4)-plane is the (−1)-hyperplane
bundle. This proves Theorem 4.1.
QED
By the property of the normal bundle of the canonical divisor E on P1-fibers in Theorem 4.1,
one can blow down E to obtain three different crepant resolutions of SG. In fact, all these crepant
resolutions are toric varieties described as follows: Let Ξj be the refinement of Ξ by adding the segment
connecting vj4 and vkl to divide the central polygon ♦ into 4 simplices, where {j, k, l} = {1, 2, 3}. Then,
we have the relation of refinements: Ξ ≺ Ξj ≺ Ξ
∗ for j = 1, 2, 3, and each XΞj is a crepant resolution of
XΞ. For the corresponding decompositions of the central core ♦, the refinement relations are given by
♦ ≺ ♦j ≺ ♦
∗, (1 ≤ j ≤ 3), with the pictorial realization [Fig. 3]. By the relation between X♦∗ and X♦,
one can conclude that x♦ is the isolated singularity of X♦, with the equation (5). The three 4-folds X♦i
are all “small”1 resolutions of the singular variety X♦. The relationship between these three crepant
resolutions of the isolated singularity is defined to be the flop of 4-folds. Hence, we have shown the
following result:
Theorem 4.2 There are three crepant resolutions of SA1(4) obtained by blowing down the canonical
divisor E of HilbA1(4)(C4) in Theorem 4.1. Any two such resolutions differ by a flop of 4-folds.
Remark: The S4-action on coordinates leaves ♦ and ♦
∗ invariant, but permutes three ♦i’s. A similar
phenomenon will also appear in the case G = A1(5) in the next section.
5 A1(5)-Hilbert Scheme and Crepant Resolutions of C
5/A1(5)
In this section, we shall discuss the case of G = A1(5). Throughout this section, the indices i, j, k, l, m
always mean a permutation of (1, 2, 3, 4, 5). In addition to the elements ei, vij of N in ∆, we consider
1Here a “small” resolution means a resolution with the exceptional locus of codimension ≥ 2.
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[Fig. 3] Toric representation of flops of 4-folds over the isolated singularity
and dominated by the smooth 4-fold.
the following rational points:
ui =
1
4
∑
α6=i
eα , wi =
1
6
(
ei +
5∑
α=1
eα
)
.
Then, one has a refinement Ξ∗ of Ξ with elements in Ξ∗(4) given by:
∆i = 〈e
i, vij , vik, vil, vim〉, Ii = 〈w
i, vij , vik, vil, vim〉, IIij = 〈w
i, uj , vik, vil, vim〉,
IIIjk = IIIkj = 〈u
j , uk, vim, vlm, vil〉, IVi,jk = IVi,kj = 〈w
i, uj , uk, vil, vim〉,
Vim = Vmi = 〈w
i, wm, uj , uk, ul, vim〉, VI := 〈uα, wα〉5α=1.
There are 5, 5, 20, 10, 30, 10, 1 elements of ∆i, Ii, IIij , IIIjk, IVi,jk, Vim, VI respectively. The facet
relations for these 4-polytopes can be depicted graphically in the following diagram:
∆i − Ii − IIij −IVi,jk− Vim −VI
|
IIIjk
where a line describes the intersection of two polytopes with a common facet. Except the heptahedrons
Vim and the decahedron VI, the rest of the 4-polytopes are all simplicial.
Theorem 5.1 For G = A1(5), Hilb
G(C5) is the toric variety XΞ∗ with the canonical sheaf ωXΞ∗ =
OXΞ∗
(∑5
i=1(2Dwi +Dui)
)
, where Dui and Dwi are the divisors corresponding to u
i, wi respectively.
10
Proof: With (3) for n = 5, we have Ui =
Zi
ZjZkZlZm
, Vij =
ZiZj
ZkZlZm
. The generators of N ∩ σR and
M ∩ σˇR for R ∈ Ξ∗(4) are given by the following table:
R N ∩ σR M ∩ σˇR
∆i e
i, vij , vik, vil, vim Ui, Tj , Tk, Tl, Tm
Ii 3w
i, vij , vik, vil, vim U−1i , Vij , Vik, Vil, Vim
IIij 3w
i, 2uj , vik, vil, vim V −1ij , Tj , Vik, Vil, Vim
IIIjk 2u
j , 2uk, vim, vlm, vil Tj , Tk, Vim, Vlm, Vil
IVi,jk 3w
i, 2uj , 2uk, vil, vim V −1lm , V
−1
ij , V
−1
ik , Vil, Vim
Vim 3w
i, 3wm, 2uj , 2uk, 2ul, vim V −1ij , V
−1
jm , V
−1
ik , V
−1
km , V
−1
il , V
−1
lm , Vim
VI 3wi, 2ui, (1 ≤ i ≤ 5) V −1ij , (1 ≤ i < j ≤ 5)
Then, one can easily see that XR has the smooth toric structure C5 except R = Vim and VI, which
contribute the singularities of XΞ∗ . In fact, XVim is the affine variety in C
7 defined by the relations,
V −1ij V
−1
km = V
−1
ik V
−1
jm , V
−1
ik V
−1
lm = V
−1
il V
−1
km , V
−1
il V
−1
jm = V
−1
ij V
−1
lm ; (10)
and XVI is the affine variety in C
10 given by
V −1ij V
−1
il V
−1
km = V
−1
ik V
−1
im V
−1
jl , V
−1
ij V
−1
kl = V
−1
ik V
−1
jl (11)
where the indices run through all possible i, j, k, l,m. For γ ∈ C, we define the following eigen-
polynomials of G:
Fij(γ) := ZiZj − γZkZlZm, Hij(γ) := ZkZlZm − γZiZj .
We shall denote the coordinates of an element y ∈ XR by
R y ∈ XR
∆i (Ui, Tj , Tk, Tl, Tm) = (γi, tj , tk, tl, tm)
Ii
(
U−1i , Vij , Vik, Vil, Vim
)
= (γjklm, γij , γik, γil, γim)
IIij
(
V −1ij , Tj , Vik, Vil, Vim
)
= (γklm, tj , γik, γil, γim)
IIIjk (Vim, Vil, Vlm, Tk, Tj) = (γim, γil, γlm, tk, tj)
IVi,jk
(
Vil, Vim, V
−1
ij , V
−1
ik , V
−1
lm
)
= (γil, γim, γklm, γjlm, γijk)
Vim
(
Vim, V
−1
il , V
−1
lm , V
−1
ik , V
−1
ij , V
−1
jm , V
−1
km
)
= (γim, γjkm, γijk, γjlm, γklm, γikl, γijl)
VI
(
V −1ij
)
i<j
= (γklm)k<l<m
where the γ’s and t’s are complex numbers, and in the cases of Vim and VI, the coordinates are
governed by the relations (10), (11) respectively. Using the above coordinates of y, one can express the
ideal I(y) as follows:
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∆i I(y) = 〈Z
2
j − tj, Z
2
k − tk, Z
2
l − tl, Z
2
m − tm, Zi − γiZjZkZlZm〉,
Ii

I(y) = 〈Z2α − tα〉
5
α=1 + 〈Fij(γij), Fik(γik),
Fil(γil), Fim(γim), ZjZkZlZm − γjklmZi〉(
tj = γijγjklm, tk = γikγjklm, tl = γilγjklm,
tm = γimγjklm, ti = γijγikγilγimγ
2
jklm
)
IIij
 I(y) = 〈Z
2
α − tα〉
5
α=1 + 〈Fik(γik), Fil(γil), Fim(γim),Hij(γklm)〉(
tk = γikγklmtj, tl = γilγklmtj, tm = γimγklmtj ,
ti = γikγilγimtj
2γklm
)
IIIjk
{
I(y) = 〈Z2α − tα〉
5
α=1 + 〈Fim(γim), Fil(γil), Flm(γlm)〉,
(ti = γimγiltktj, tl = γilγlmtktj, tm = γimγlmtktj )
IVi,jk

I(y) = 〈Z2α − tα〉
5
α=1 + 〈Fim(γim), Fil(γil),
Hij(γklm),Hik(γjlm),Hlm(γijk)〉(
tm = γimγjlmγklmγijk, tl = γilγjlmγklmγijk,
ti = γimγilγjlmγklmγijk
2, tj = γjlmγijk, tk = γlmkγijk
)
Vim

I(y) = 〈Z2α − tα〉
5
α=1 + 〈Fim(γim),Hil(γjkm),Hik(γjlm),
Hij(γklm),Hjm(γikl),Hlm(γijk),Hkm(γijl)〉
ti = γimγiklγjlmγijk = γimγiklγjkmγijl,
tm = γimγklmγjlmγijk = γimγklmγjkmγijl,
tl = γiklγjlm = γijlγklm, tj = γijkγjlm = γijlγjkm,
tk = γijkγklm = γiklγjkm

VI

I(y) = 〈Z2α − tα〉
5
α=1 + 〈Hlm(γijk)| for all possible i, j, k, l,m〉,(
ti = γijkγilm = γijmγilk, γklmγjkmγijl = γjlmγjklγikm
for all possible i, j, k, l,m
)
One can show that the generators in the above expressions of I(y) form the corresponding reduced
Gro¨bner basis with respect to a weight order ≺ with weight w ∈ Interior(σR). Furthermore, the ideal
lt≺(I(y)) is equal to I(xR). Therefore, I(xR)⊥ gives rise to a basis of C[Z]/I(y), which is G-regular by
the following explicit description of basis elements.
R I(xR)
⊥
∆i
1, Zj , Zk, Zl, Zm, ZjZk, ZjZl, ZkZl, ZkZm, ZlZm, ZjZm,
ZjZkZl, ZjZkZm, ZjZlZm, ZkZlZm, ZjZkZlZm
Ii
1, Zi, Zj , Zk, Zl, Zm, ZjZk, ZjZl, ZkZl, ZkZm, ZlZm, ZjZm,
ZjZkZl, ZjZkZm, ZjZlZm, ZkZlZm
IIij
1, Zi, Zj , Zk, Zl, Zm, ZiZj, ZjZk, ZjZl, ZkZl, ZkZm, ZlZm,
ZjZm, ZjZkZl, ZjZkZm, ZjZlZm
IIIjk
1, Zi, Zj , Zk, Zl, Zm, ZiZj, ZjZk, ZjZl, ZkZl, ZkZm, ZiZjZk,
ZjZm, ZjZkZl, ZjZkZm, ZiZk
IVi,jk
1, Zi, Zj , Zk, Zl, Zm, ZiZj, ZjZk, ZjZl, ZkZl, ZkZm, ZlZm,
ZjZm, ZjZkZl, ZjZkZm, ZiZk
Vim
1, Zi, Zj , Zk, Zl, Zm, ZiZj, ZjZk, ZjZl, ZkZl, ZkZm, ZiZjZk,
ZjZm, ZjZkZl, ZiZl, ZiZk
VI
1, Z1, Z2, Z3, Z4, Z5, Z1Z2, Z1Z3, Z1Z4, Z1Z5, Z2Z3, Z2Z4,
Z2Z5, Z3Z4, Z3Z5, Z4Z5
Thus, C[Z]/I(y) is a regular G-module for each y ∈ XΞ∗ , and XΞ∗ is birational over SG having the
vector bundle FΞ∗ . Hence, there is an epimorphism λ : XΞ∗ → Hilb
G(C5) with I(λ(y)) = I(y). With
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the same argument as in the case n = 4, one can show that λ is injective on each XR by the reason that
the toric coordinates are encoded in the generators of I(y). By the toric variety structure of XΞ∗ , one
obtains the injectivity of λ. Hence XΞ∗ ≃ Hilb
G(C5). By (2), one has the expression of the canonical
sheaf for XΞ∗ .
QED.
We are going to construct certain crepant resolutions of SG dominated by the toric variety XΞ∗ ≃
HilbG(C5). Consider the permutation τ = (12345) on the coordinates of N0. Define the following
simplices in ∆:
C := 〈v12, v23, v34, v45, v15〉,
D0 := 〈v
12, v23, v34, v13, v15〉,
E0 := 〈v
35, v23, v25, v45, v15〉,
and Di := τ
i(D0), Ei := τ
i(E0) (i = 1, .., 4). Then, one can show that C, Di and Ei (0 ≤ i ≤ 4)
form an integral simplicial decomposition of the central core ♦ ∈ Ξ(4), hence one has the refinement
♦′ of ♦ with ♦′(4) = {C} ∪ {Di, Ei}4i=0. Denote Ξ
′ the rational polytope decomposition of ∆ with
Ξ′(4) = ♦′(4) ∪ {∆i}5i=1. Then Ξ
′ is a refinement of Ξ. By computing the primitive generators of each
element in Ξ′(4), one can easily check that XΞ′ is a crepant resolution of SG. The facet relations of
simplices in Ξ′(4) are given in the following diagram:
❇❇✂✂
❇❇✂✂
❩ ✚
✚❩
✏✏
❙
❙
PP
✓
✓ P✏
✓✓❙❙
∆4∆1
∆3 ∆2
C
D0
D2 D3
E4E1
E0
∆5
E2E3
D1D4
Lemma 5.1 We have the relation ♦ ≺ ♦′ ≺ ♦∗, consequently, Ξ ≺ Ξ′ ≺ Ξ∗.
Proof: It suffices to show the relation ♦′ ≺ ♦∗. By a detailed analysis of the 4-polytopes in Ξ∗(4), one
can conclude that the simplex C is the union of the following eleven polytopes in Ξ′(4) with the facet
relations:
C :
❇❇✂✂
❇❇✂✂
❩ ✚
✚❩
✏✏
❙
❙
PP
✓
✓
VI
V34
V23 V45
IV412IV315
IV134
IV523IV245
V15V12
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Similarly, the relations of D0, E0 with 4-polytopes in ♦
∗(4) are given in the following diagram:
D0 : V13IV145 IV325
IV345
IV124II14
III45 II35
E0 :
IV514II51 III14
II54I5
By applying τ i (1 ≤ i ≤ 4) on the above diagrams for D0 and E0, one obtains the decompositions of
Di, Ei in terms of elements in ♦
∗(4). The results then follow.
QED
As known in §2, Ξ and Ξ∗ are S5-invariant polytope decompositions of ∆, but not for Ξ∗. The
isotropy subgroup of S5 for Ξ
′ is G′ = 〈(25)(34), (12345)〉, which is isomorphic to the dihedral group of
order 10, with the index [S5 : G
′] = 12. By applying permutation elements in S5 to the decomposition
Ξ′, one obtains twelve integral simplicial refinements Ξi (1 ≤ i ≤ 12) of Ξ, with Ξ ≺ Ξi ≺ Ξ∗.
Correspondingly, there are twelve decompositions ♦i (1 ≤ i ≤ 12) of the central core ♦ with the
following refinement relations:
♦ ≺ ♦i ≺ ♦
∗ , i = 1, .., 12.
The connection between these twelve smooth 5-folds corresponding to the toric data ♦i’s can be regarded
as the “flop” of 5-folds, all of which are crepant resolutions of the singular variety defined by (6).
Therefore, we have obtained the following result:
Theorem 5.2 There are twelve toric crepant resolutions, XΞi 1 ≤ i ≤ 12, of SA1(5) which are domi-
nated by HilbA1(5)(C5). Any two such resolutions differ by a “flop” of 5-folds.
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